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Abstract: We review negative refraction and focusing phenomena in phononic crystals, from their 
initial discovery more than I 0 years ago in flat three-dimensional (30) phononic crystals to more 
recent work demonstrating how super-resolution focusing can be achieved. Ultrasonic experiments, 
in combination with theory and simulations, have played an important role in developing a detailed 
understanding of these phenomena. 

1. Introduction 
The focusing of phonons and acoustic waves in crystals has a long history that predates the recent interest 
in phononic crystals. The phenomenon called "phonon focusing" started with observations that heat flux 
in the low temperature ballistic transport regime of atomic crystals is channeled along particular directions 
due to elastic anisotropy1. Since this phonon focusing effect is observed at long wavelengths compared 
with the lattice constants of atomic crystals, continuum elasticity can be used to explain the experiments. 
Phonon focusing occurs because in elastically anisotropic media, the group velocity Vg and wavevector k 
are not parallel in general, with the result that waves with different k can have similar Vg, and the energy 
flux, which follows the direction of the group velocity, is therefore channeled along certain crystalline 
directions. This focusing effect has been observed in a wide variety of experiments, from heat pulse 
transport to ultrasonic propagation from a point-like source, with the experimental evidence and physical 
interpretation being comprehensively reviewed in the book by J.P. Wolfe2

• 

During the explosion of activity in phononic crystal research at the end of the 1990s and early 2000s, it 
therefore seemed natural to us to ask whether interesting and possibly different focusing and imaging 
phenomena could occur in phononic crystals. About this time, it became widely recognized that doubly 
negative materials, with simultaneously negative electric permittivity and magnetic permeability for 
electromagnetic waves, or with negative modulus and mass density for acoustic waves, have a negative 
refractive index, with the Poynting vector ( oc vg) and k pointing in opposite directions. At the interface 
between positive and doubly negative materials, waves are therefore refracted negatively, which is the 
basis of Pendry ' s "perfect lens"3

. We were curious to see if focusing by negative refraction could also be 
observed in phononic crystals, in this case due to the effects of Bragg scattering on the crystal ' s band 
structure, which might cause Vg and k to be of opposite sign . 

In this paper, we review the research on negative refraction and focusing in phononic crystals that has 
been initiated by ultrasonic experiments performed at the University of Manitoba. These experiments 
capitalized on our ability to construct high quality 30 and 20 phononic crystals and to use the versatility 
of ultrasonic techniques to measure phononic crystal properties with excellent resolution in space, time 
and frequency. We begin with our early work on focusing in a 3D phononic crystal 4

, and then summarize 
more recent work on negative refraction5 and super-resolution focusing in 2D crystals6

. 

2. Focusing of ultrasound in a 3D phononic crystal 
Our experiments on a three-dimensional phononic crystal cons1stmg of 0.800-mm-diameter tungsten­
carbide beads immersed in water were the first to demonstrate ultrasound focusing by negative refraction4

, 

initiating a new direction in phononic crystal research that has been very active over the last decade7
'
8

, and 
continues to attract considerable attention, especially now for acoustic metamaterials. The beads were 
close packed in the face-centred-cubic structure, and the crystal consisted of a 12-layer-thick slab with the 
[111] direction perpendicular the layers. In this crystal, focusing effects were discovered at frequencies in 
the pass band near 1.6 MHz, which is above the complete band gap that occurs between 0.98 and 1.2 
MHz9 and is therefore in a frequency range where behaviour most analogous to negative refraction 
focusing in doubly negative materials could occur. In our experiments, a small source consisting of a 
pinducer (radius ~A-, where A, is the wavelength in water) was placed close to the sample surface (3 mm, or 
approximately 2,-l away), and the field pattern on the far side of the crystal and its substrate was measured 
by scanning a small hydrophone (diameter << A-) in a plane parallel to the crystal surface - see Fig. 1 (a). 
The experiments were performed with pulses. By taking the Fourier transforms of each transmitted pulse, 
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the amplitude of the transmitted field at any frequency in the bandwidth of the pulse could then be 
measured as a function of position in the detecting plane. As the frequency was varied, the detected field 
pattern varied widely, a result of rapid changes in the anisotropy of the dispersion relations with 
frequency. Figure 1(b) shows the measured field pattern at 1.57 MHz. At this frequency, the diverging 
beam from the pinducer, which has a FWHM in the detection plane of 65 mm (more than three quarters of 
the width of the region imaged in the figure), was sharply focused to a tight spot with a FWHM of only 5 
mm. This example showed clearly that a phononic crystal with flat parallel planar faces can be used to 
focus ultrasound. One remarkable feature of these data is that such a sharp focal spot is observed in a 
plane quite far from the crystal; the distance from the crystal face to the detection plane is approximately 
130 wavelengths, while the distance from the source to the crystal is only 2 wavelengths. 
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Figure (a) Schematic 
representation of the experi-
mental setup, with the arrows 
between the source and detector 
indicating the direction of the 
group velocity. The inset shows 
the focusing condition for a 
negative index medium. 
(b) Image of the source focused 
by a 12-layer phononic crystal 
made from tungsten carbide 
beads. 
(c) Cross section of the 
equifrequency surfaces of thi s 
phononic crystal at 1.57 MHz in 
a plane containing the [111], 
[110] and [00 I] directions. The 
dashed circle is the equi ­
frequency contour for water. 
( d) Calculated field pattern 
using a Fourier imaging 
technique, based on the 30 
equifrequency surface predicted 
by the MST. Adapted from Ref. 
4. 

The ongm of the focusing effect was understood by exammmg the equifrequency surfaces, which 
represent the variation in the magnitude of the wave vector with direction at a given frequency . Figure 
l(c) shows a cross section in a plane containing the [111] direction of the 3D equifrequency surface at 
1.57 MHz, calculated in the reduced zone scheme using the Multiple Scattering Theory (MST) 10

• Also 
shown by the dashed curve is the equifrequency surface for water, and a representative incident wave 
vector kincident inclined away from the normal to the surface of the crystal. The directions of k and vg for 
the corresponding Bloch waves inside the crystal are also shown; these directions are determined by the 
boundary conditions that the component of the wave vector parallel to the surface (kpar l_ krL) must be 
equal both inside and outside the crystal (Snell's law) and the condition that vg is normal to the 
equifrequency surface, since Vg = ''ihoi...k) . For the waves to travel through the crystal, the group velocity 
must have a component pointing towards the opposite side of the crystal, and this can only be achieved if 
Vg points in a direction that corresponds to a negative angle of refraction. This occurs even though the 
wave vector obeys Snell's law in the usual way at each interface. It is this large negative refraction of 
Bloch waves inside the crystal, governed by the directions of the group velocity, that allows an image of 
the source to be formed on the far side of the crystal and substrate, as shown schematically by the "rays" 
drawn in Fig. 1(a). 

To further elucidate the imaging mechanism, the shape of the image was calculated using a Fourier 
imaging technique, in which the input beam was Fourier transformed spatially into plane waves, with each 
plane wave propagating through the crystal according to the wave vectors determined by the 
equifrequency surface. The boundary conditions at the front and back interfaces were correctly 
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implemented according to Snell ' s law. The image in the detecting plane was then reconstructed by taking 
an inverse Fourier transform back into real space, giving the results shown in Fig. l(d). Excellent 
agreement with experiment is seen, confirming that this model correctly incorporates the essential physics 
of this wave-focusing phenomenon. Thus we were able to determine directly the focusing mechanism and 
to show how this mechanism can be simply described in terms of negative refraction. We emphasize that, 
despite the similarities with negative refraction in doubly negative metamaterials3, where negative 
refraction arises from local resonances, the origin of negative refraction in phononic crystals is a band­
structure effect; in both cases, the direction of energy transport due to negative refraction is determined by 
Poynting' s vector, and for phononic crystals it is always given by the direction of the group velocity4. 

3. Direct observation of negative refraction in phononic crystals 
To explore the phenomena of negative refraction in phononic crystals in more detail, a number of 
experiments and theoretical calculations have been performed on 2D crystals5

• 
11

-
13

• The most direct 
observations of negative refraction were made by Sukhovich et al. 5, who constructed a prism-shaped 
phononic crystal of steel rods, arranged in a triangular lattice at a volume fraction of 58% and surrounded 
by water. This crystal has the advantage of a relatively simple band structure, as shown by the solid 
curves (MST) and symbols (experiment) in Fig. 2(a). The second pass band, between the stop band along 
!M and the band gap near I 
MHz, has a single branch, 
which appears isotropic. 
This isotropic behaviour is 
confirmed by the equi ­
frequency contours (Fig. 
2(b) ). The contours are 
remarkably circular and 
shrink in radius as the 
frequency increases, 
indicating that the wave 
vector has the same 
magnitude in all directions, 
and that the group velocity 
Vg points towards the centre 
of each circular contour. 
Thus, for this band, the 
group velocity and wave 
vector in the first Brillouin 
zone are antiparallel for all 
directions of propagation, 
as for left-handed behaviour 
in negative index meta­
materials3, and waves 
arriving at the surface of the 
crystal at non-normal 
incidence will be negatively 
refracted. This effect is 
demonstrated by the 
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Figure 2 (a) Band structure of a phononic crystal of steel rods in water (triangular lattice 
of 1.02-mm-diameter rods with lattice constant a = 1.27 mm). The solid curves were 
calculated using Multiple Scattering Theory calculations, and the symbols represent 
experimental data. (b) MST equifrequency contours at the three frequencies, 0.75, 0.85 
and 0.95 MHz, in the second pass band. (c) Snapshot the negatively-refracted pul se 
emerging from a phononic crystal prism (angles 30°, 60° and 90°, as shown) after a 
narrow-band pulse (central frequency of 0.85 MHz) was normally incident on the shortest 
face of the prism (in the direction of wide blue arrow). The data were measured by 
scanning a hydrophone in a rectangular grid, digitally filtering the pulses to narrow the 
bandwidth, and measuring the wave field at a particular moment in time to construct the 
spatial variation of the field at that time. Adapted from Ref. 5. 

experimental data shown in Fig. 2(c), which was obtained by directing a narrowband pulse with central 
frequency 0.85 MHz towards the shortest face of the prism at normal incidence (see the wide blue arrow) 
and imaging the field that emerged from the longest face using a miniature hydrophone. Since the wave 
pulse enters the crystal at normal incidence, the pulse continues to travel inside the crystal in the original 
direction, which is parallel to the group velocity. As the pulse leaves the crystal, the outgoing field pattern 
is seen to bend backwards in the negative direction, showing, according to Snell's law, that the wave 
vector inside the crystal must also point in the negative direction, opposite to the di rection of the group 
velocity, as predicted from the equifrequency contour. To emphasize this point, the directions of the 
Bloch wave vector and group velocity inside the crystal are also shown in Fig. 2(c), as well as the 
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direction of k for the refracted beam outside, which is perpendicular to the wave frontsa. Furthermore, the 
measured refraction angle is given within experimental uncertainty by Snell's law, using the value of the 
wave vector inside the crystal predicted by MST, providing additional evidence that the data can be 
quantitatively described in terms of negative refraction. 

4. Super-resolution focusing 
To investigate the ultimate image resolution that may be possible with a flat lens made from this 2D 
phononic crystal, a rectangular-shaped six-layer crystal of steel rods with the same crystal structure was 
constructed5

. Each layer contained 60 rods (to avoid edge effects), and the layers were stacked in the !M 
direction, i.e., with the base of the triangular unit cell parallel to the surface. The resolution capabilities of 
the lens were explored using a narrow line source (width 0.55 mm, which is less than the wavelength in 
water at the frequencies of interest), which was built in the lab from piezoelectric polymer strips. To 
ensure that the equifrequency contours inside and outside the crystal would be the same size, so that an 
effective refractive index of -1 could be attained, the crystal was built with thin transparent walls so that 
the liquid inside the crystal could be methanol, which has a lower sound velocity than water, shrinking the 
frequency axis of the dispersion curve shown in Fig 2 (a) by 74%. As a result, the equifrequency contours 
of both the crystal and the water outside were perfectly matched at a frequency of 0.55 MHz in the second 
band. Thus, all angle negative refraction (AANR) was achieved at this frequency, and all others down to 
the bottom of the band at 0.50 MHz. The image obtained at 0.55 MHz, when the source was placed 1.6 
mm from the opposite surface of the crystal, is shown in Fig. 3(a). A good focal pattern is clearly seen, 
with the focal spot narrowly confined both perpendicular and parallel to the crystal surface. By fitting a 
sine function (Fig. 3(b)), the transverse width of the image was measured to be 3.0 mm, with a 
corresponding resolution of 0.55 A, as determined by the Rayleigh criterion (resolution equals half the full 
width of the peak, Ll, i.e ., the distance from the maximum to the adjacent minimum (zero)). This shows 
that a flat phononic crystal with equifrequency contours matched to those of the medium outside can 
produce images with an excellent resolution approaching the diffraction limit of A/2 5

. 

To achieve super resolution (better than the diffraction limit), it is necessary to capture and amplify 
evanescent waves from the source - something that clearly did not occur for the data shown in Fig. 3(a). 
However, when the source was brought even closer to the surface of the crystal, 0.1 mm or A/25 away, 
significantly improved resolution was obtained6

. The best resolution was found at a slightly lower 
frequency, 0.53 MHz, as shown by the experimental results in Fig. 3(c), which are compared with Finite 
Difference Time Domain (FDTD) simulations in Figs. 3(d)-(f). Good agreement between experiment and 
simulations was found. Both the experimental and theoretical resolutions, 0.37 A, and 0.35 A, are clearly 
better than the diffraction limit. The reason why super resolution can be attained for this very small 
source-crystal separation is that some of the evanescent waves from the source are now able to couple to a 
bound mode of the crystal, and hence become amplified sufficiently to participate in image restoration . 
Evidence for the excitation of this bound mode can be seen in the field patterns of Figs. 3(c) and (e), 
which show several subsidiary peaks that are largest at the crystal surface; these additional peaks (not seen 
in (a)) decay rapidly with distance from the crystal, as expected for the evanescent decay of bound crystal 
modes. Additional evidence for the existence of this bound mode was obtained from FDTD calculations 
of the band structure of a finite crystal slab with the same number of layers as in the experiment. These 
calculations revealed a nearly flat band that extends from 0.525 MHz at the water line to 0.5 I MHz at the 
zone boundary; as it lies below the water line, this mode is bound to the crystal slab since it cannot 
propagate in water. The best focusing is seen at 0.53 MHz, as this frequency lies between the frequency 
for perfectly matched equifrequency contours (0.55 MHz) and the resonance frequencies of the bound 
mode (0.51 - 0.525 MHz), but is still close enough to the bound mode that it can be excited. Calculations 
of the field patterns inside the phononic crystal indicate that this bound mode is a slab mode of the crystal, 
and not a surface mode. 

•Note that to measure the direction of k, it crucial to measure the wave field and not just the intensity so that k can 
be determined from the wave fronts, as the position of maximum intensity in the refracted beam in this pulsed 
experiment is also influenced by the time the pulse reached the exit surface of the crystal , with the earlier arrivals 
being closer to the top of the prism and corresponding to the signals on the top left part of the measurement area. 
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Figure 3 Contour maps of the ultrasonic amplitude (magnitude of the FFT of the wave field at the frequencies indicated) on 
the imaging side of a flat methanol-steel phononic crystal lens for a 0.55-mm-wide line source, and corresponding plots of 
the amplitude through the focus. (a): Image measured at 0.55 MHz for a source-Jens distance of 1.6 mm. (b): Amplitude 
parallel to the lens surface (circles) through the focus in (a). The data are compared with a sine function (red line), indicating 
a reso lution !J./2 = 0.55 A.. (c) and (e): Images measured (c) and calculated with FDTD (e) for a frequency of0.53 MHz when 
the source-lens di stance is only 0.1 mm. Note the appearance of a bound mode of the crystal, which decays evanescently as 
the di stance from the surface (at z = 0) increases. (d) and (f) : Comparison of experiment (circles) and simulations (solid 
curves) for the transverse width of the focal spot (d) and its variation with distance from the surface of the crystal (f). Super 

reso lution is ev ident from the half widths of the primary peaks in (d), g iving a resoluti,on of 0.37 A. and 0.35 A. for experiment 
and simulations, respectively. Adapted from Refs. 5 and 6. 

This demonstration that super resolution can be achieved in practice with phononic crystal lenses enabled 
a detailed study of the many factors that can influence the optimum resolution 14

. One of the most 
interesting questions concerns the mechanism that sets the resolution limit for this crystal. This limit is 
determined by the largest transverse wave vector krnax that the crystal will support, which is expected to be 
the wave vector at the Brillouin zone boundary of the crystal along the f'K direction (parallel to the 
surface of the lens) 14

' b. This condition gives krnax = 4;r /3a. If we assume perfect transmission for all 
transverse wave vectors kpar < krnax and zero transmission kpar > kmax , then the image amplitude will vary 

with distance x parallel to the crystal surface as Jr=:, exp[ikparx ]dkparl =l2 sin(kmaxx)/ (kmaxx)I , so that the 

resolution limit ~min = ;rlkmax = 3a/4. This condition gives ~min= 0.34A. at 0.53 MHz, which is very close 
to the experimental and FOTO results. 

These experimental and theoretical results demonstrate the conditions needed to achieve optimal focusing: 
(i) the equifrequency surfaces/contours should be spherical/circular, (ii) the equifrequency surfaces in the 
phononic crystal and in the medium outside should be matched, and (iii), for super resolution to be 
attained, the crystal should have a bound mode at a frequency close to the operational frequency, in order 
to enable amplification of evanescent waves from the source. The analysis of the maximum possible 
resolution that can be obtained with the 20 methanol-steel phononic crystal is relevant for designing new 
phononic crystal lenses in which the super resolution may be enhanced . 

Our research on the development of new flat phononic crystal lenses has stimulated many other groups to 
investigate and further develop phononic crystal lenses using a variety of materials and approaches 11

-
12

-
15

-

21. Examples of new developments by other researchers include different 20 phononic crystal lenses that 
exploit negative refraction 11

' 
12

' 
15

•
21

, focusing studies with Lamb waves and surface acoustic waves22
•
30

, 

and other types of flat lenses for acoustic waves (e.g. , GRlN lenses26
' 

30
-
32

) . A related area is negative 
refraction and/or imaging with acoustic and elastic metamaterials33 

-
43

, where there has already been very 

b Note that since the bound mode that is excited is a slab mode of the crystal, it is the bulk Brillouin zone boundary and not the 
surface Brillouin zone boundary that sets the resolution limit, allowing better resolution to be achieved for thi s triangular lattice 
than would be found for the surface modes that were considered by Luo et al. for photonic crystal s. 
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significant progress and promise of increasing interest in the future. Potential applications that have been 
proposed include enhanced imaging for medical diagnoses, sonar and ultrasonic non-destructive 
evaluations, and even novel micromechanical actuators and sensors. 
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